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Abstract. The symmetry group for the partition function of the completely X symmetric
vertex model is determined. Here X is an arbitrary finite Abelian group.

1. Introduction

Let A be a square lattice with M rows and N columns. We assume periodic boundary
conditions. Let X be any finite Abelian group. A configuration o is defined by
assigning elements of X to the bonds of A; let {2, be the set of all such configurations
w. To each vertex with bond states x, y, u, ve X is assigned a Boltzmann weight S;;.
The weight of a configuration w € (), is defined to be the product over all lattice sites
in A of the individual Boltzmann weights. Thus the partition function Z, is given by
Z,= ) IIsx. (1.1)
wel)y
Following Belavin (1981) and Chudnovsky and Chudnovsky (1981), we say such a
vertex model is completely X symmetric if the Boltzmann weights satisfy

Su=0 unlessx+y=u+v (1.2a)
and
Syiii=8Su for every x, y, u, v, ze X (1.2b)

where we have written the group law of X in additive notation. Forthecase X =7/2Z =
Z, the above vertex model is Baxter’s symmetric eight-vertex model (Baxter 1972,
1982). If | X| denotes the order of X, then this X symmetric model depends upon | X |
independent parameters (one of these being an overall normalisation). We write Z,[S]
to denote the dependence of Z, upon the Boltzmann weights S

For X =Z, Fan and Wu (1970) (see also Fan 1972, Johnson et al 1973) discovered
that Z, has certain symmetries. To state their results, we write S as

3
S= Z wjoJ®oJ (1.3)
7=0

where o is the 2x2 identity matrix and o”, j=1, 2, 3, are the Pauli spin matrices.
Then Fan and Wu proved

Zx\[:twioa :twl'l ’ ItW,-Z, £ wl]] = Z“\[WO, Wy, Wy, w3] (14)
t Supported in part by the National Science Foundation, grant no DMS 84-21141.
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where (i, iy, i2, I3) is any permutation of (0, 1, 2, 3) and £ denotes any choice of signs.
This symmetry is important in Baxter’s solution of the symmetric eight-vertex model
(Baxter 1972, 1982). It is the purpose of this paper to determine the symmetry group
for Z,[S] when X is any finite Abelian group and S is completely X symmetric.

As was first emphasised by Belavin (1981) and Chudnovsky and Chudnovsky (1981)
(see also Bovier 1983, Cherednik 1982), the Heisenberg group is important in any
discussion of the X symmetric model. To establish notation and to make the paper
self-contained, we collect in § 2 those results we need concerning the Heisenberg group.
Our principal mathematical references are Mumford (1983) and Siegel (1971). We
have included a self-contained proof of the well known result in lemma 2.1. Presumably
lemma 2.2 is also well known but we could not find any explicit references. In § 3 we
determine the symmetry properties of Z,[S] following the methods of Richey and
Tracy (1986) where the case X =Z/nZ =27, was first considered. These authors in
turn built on the work of Fan and Wu (1970), Fan (1972), Wegner (1971, 1973) and
Johnson et al (1973). In particular, the idea to use the similarity transformation in
the proof of theorem 3.1 can be traced back to these early papers. Here, we have
shown the generality of this method and have clarified the role the Heisenberg group
plays in the symmetries. In § 4 we discuss the connection between theorem 3.1 for
X =17, and previous work (Richey and Tracy 1986). The results obtained here require
no restrictions on the Boltzmann weights Sf;’. Normally restrictions on multistate vertex
models arise when one demands commutativity of the transfer matrices. Further
discussion of the relationship between symmetries and commutativity of transfer
matrices can be found, for the case X =Z,, in Richey and Tracy (1986).

2. Heisenberg group for a finite Abelian group

As is well known any finite Abelian group X, with |X|= n, is isomorphic to

X=2,9..8z, (2.1)
where n=n,...n,, n, a prime power. Also distinct choices of the n; result in distinct
(non-isomorphic) finite Abelian groups. If X =Z,,, then the decompositionn=n, ... n,

is the prime decomposition of n with each of the primes distinct. In this case, the
isomorphism Z,~>2Z,@®...®Z, is commonly referred to as the Chinese remainder
theorem (CRT).

An element a' of X may be identified with an r-tuple a'=(«}, ..., a’), a! €z, =
{0,1,...,m—1}. Let 2},=2Z, xZ, and G,=2Z% x...xZ>. Thus an element a € G,
can be written as

a=(a',a") a,a"'eX=2,®..0Z,
or

a=(a,...,a,) a,-=(a§,af—’)er,f (2.2)
or

a=(al,...,a,,af,...,a") aj,a/el,.

The method of expressing o will depend upon the context.

We now define a Heisenberg group associated with X. This could be defined
abstractly, but we prefer to give first the ‘coordinate version’ as it proves useful in the
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statistical mechanics. For an arbitrary positive integer n,(>1) we define operators g
and h, by

g€ = whe; Jj=0,1,...,m—1 23)
hee =¢.,
where {ej}JEZ"k is the standard basis of C™ and w, =exp(27i/n,). Let
I, =higi o = (o, @) € Z3, (24)
then
L, = 0l 1, (2.5)

with (B, a;)=Brar—Brai. Let H, be the group of operators generated by I,
a, € Zf,k. Then H,, is the Heisenberg group associated with Z,,. For X identified as
in (2.1) we define the associated Heisenberg group Hy by

Hx=H,®...®H,. (2.6)
We write

,=1,®...®1, a=(a1,...,a,),a,-er,y 2.7)
and observe for all @, Be X x X

LI =" ? L 5= 0", (2.8)
where

k(B a)= Y “alB] (2.9a)

1

i=1

B(B, a)=k(B, a) —k(a, B)
= % 7 (Blar~Blal) (29b)
and w =exp(27i/n).
Lemma 2.1. The action of Hy on C"=C"®...®C" is irreducible.

Proof. Let x be an arbitrary non-zero element of C”
x= Y e, ®...®e.

i=(1y,..., i,)EZ,,lx.A,xZ,,'

We will show that the action of Hy on x spans C". If we can show that ¢,®...®e,
is in the span of Hx on x, then we are done since

h®.. . ®hre®...Re=¢®...Qe,.

Since x # 0 one of the coefficients ¢;=c¢, , #0. Applying h;"®.. .®h;" to x allows
us to assume that ¢o=¢y...q# 0. Now if

xB = g13?®- . -®g?:x
=Y cwfi. .. wfhe ®...®e,
i
then
Y xg=ncee,®. .. Qe
B:

B,

since 5, whts = nido,;, - Since ¢, # 0, ¢, is in the subspace spanned by Hx on x; and
hence the lemma has been proved.
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Let E denote the rx r diagonal matrix with diagonal entries n/n; and define the
2rx2r matrix J by

0 E
J=<_E 0). (2.10)
Then in obvious matrix notation we can write (2.9) as
k(a, B)="a'EB" (2.11a)
and
B(a, B)="aJB (2.11b)

where a = (a’, a"), B=(B', B") € G, (and are written as column vectors).
It will be convenient to introduce the Siegel upper half-space #, which consists of
all rx r complex symmetric matrices whose imaginary parts are positive definite. Let

Qe ¥,, denote by {},...,Q, the columns of € and e, ..., e, the standard basis of
C". Then to each a € G, we associate a point on the lattice

Lo=QZ +EZ" (2.12)
by

a—aiQ+.. . +aQ,+ai(n/n)e,+...+a/(n/n)e, (2.13a)

or, more compactly,
a—Qa'+ Ea”. (2.13b)

This mapping forms a natural association of elements I, of Hx with lattice points
of L. In particular, changing generators of Hy is equivalent to changing generators
of L,. Consider the group of matrices 'z defined by

A B
I'e= {y = (C D): A, B, C, D, rx r matrices with integer entries and ‘'yJy = J}.

(2.14)
Note for E =1, I'r =Sp(2r,Z), and for any yeT's, det y==x1. Let

()& 2)(z)
Q C DJ/\E
where y=(& B)eTg, then (‘P,'Q) are new generators of L. To see this, we need
only show that for any a =Qa’'+ Ea"€ Lg, there is a £ = (¢, £") € G, such that
a =‘P§’+[Q§”
Z(IQIA+!EIB)§/+(IQIC+tElD)§H
=Q(tA§/+lC§',)+E(tB§I+tD§H).

a/ tA lC §/ .
" = t t " = ‘yg
a B 'D/\¢
Since g isa group, £ ='(y ')a isanelementof G,. ForyeTe lety,,..., ¥, 8,,....,8,
denote the 2r columns of y. To each y,, §; we associate an element of G, by v, = (v/, ¥7)

That is,
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where vy consists of the first r rows of vy, and vy consists of the last r rows, and
similarly for &, = (68}, 87).
For any yeI'y we define a family of Heisenberg elements

I7=(L) ... (L)% ()% ... ()™ aeG,. (2.15)
It is easy to check that

IT=w"l,, pel. {2.16)
Then we have the following lemma.
Lemma 2.2, For each yel'p there exists an invertible matrix U, : C" - C" such that
forall ae G,

I7=\U,LU;
where A is some scalar depending on a.

Proof. Let yT'r and denote ¢, the 2r x1 column vector with all zeros except for a 1
at the kth row.

Then for all k, I=1,...,r
B(yi, v1) = B(yn, ym) = B(ny, 1) =0
B(8x, 8)) = B(nk+r, mi+r) =0
B(yx, &) = B(mx, mi+,) = (1/ 1) 8 1.

Thus
LL=L1L, (2.17a)
I Is, = I3 I, (2.17b)
and
11, 2{ 15,_1ka i.f k#l
wy 151, ifk=1

Now let x, be any common eigenvector of the I;, i=1,...,r:
I5l.xO = /\,’Xo.

Define x;=x; ..., by

x;= (LY ... (I, Yx JeZ,,.
Then using (2.17) we see that
ji il T e TENTTIIR TN,
I o Iy, o = A ATy
and
Ji J -
1711 e Iyrle“'jr =X e de

Since the action of Hy on C" is irreducible, we conclude that the set {x,..: (1. e
Z,x...XZ,}is a basis for C". Let U, be the change of basis matrix

Uyefzxf jz(jls"'ajr)-
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Then
U;'I,Uye = Uy I x;
= U;‘Akw‘"/"*’jkxj
= A €
and

-1 oyt

Uv InUvej_ U‘Y Inxj
=UZl'x,
= €y g+

That is, Az ' U' LU, is I®...®g®...®I (g at the kth slot) and U'L, U, is
I®.. ®h®...®I (h at the kth slot). Then an easy calculation shows that

I7=AU, LU, where A=AST. A

3. Symmetries of the partition function

The Boltzmann weights Sﬁ}’, i, j, k, 1€ X define a completely X symmetric matrix S in
the standard basis {e;®e¢},;cx for C"xC" Belavin (1981) and Chudnovsky and
Chudnovsky (1981) have shown that a n°x n” S is completely X symmetric (satisfies
conditions (1.2)) if and only if

S= Y wI.®I;. (3.1)

aeG,

The partition function, Z,, for a finite rectangular lattice A with cyclic boundary
conditions may be written as

Z,=Tr(T™) M = number of rows of A
where
Tup =Tr(L(ay, B) ... L(an, Bx))
a=(a,...,an) B=(Bi,...,B~) a, BieX
N is the number of columns of A and L(e, 8) is the n x n matrix defined by
(L(a, B))ru = ShE a, B A pneX

Due to the invariance of the trace under similarity transformations, it is easy to see
that if

S->U®U,SUT'®U;'=S
where U, and U, are any n x n invertible matrices, then
z,[8]1=2z,5].

We will now consider some special cases of similarity transformations; in particular,
those associated with the Heisenberg group Hx. First choose

U=1I, U, = I =identity
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and consider
S=LRISI;'®I=1®1;'SI®I,.
In terms of the w, we have using (2.8)
LRISI;®I=Y «®*fw I, ®I;"

Hence the similarity transformation on the S matrix S— I;® ISI;'®1 is equivalent
to the transformation on the w, coordinates

We>w B Py

The second type of similarity transformation we will consider arises from the choice
of new generators for Hyx. For yel'g, we define

§7= L wll®UIy™

€G,
where I} is defined by (2.15). By lemma 2.2 we have
$'=U,0U,SU;'®U;!

so that

Z,[S7]1=Z,[S].
By (2.16)

1IN =11}
so that

S"=Ywel, @I =Y wi L ®I;"

Hence the similarity transformation S~ S”"' corresponds to the transformation W —>
W,e. We now have the following theorem.

Thereom 3.1. Let S be any X symmetric matrix, Z,[S] the corresponding partition
function for a finite rectangular lattice with cyclic boundary conditions. Write

S=3Y wl®I;"

£eG,

Then Z,[S] is invariant under the transformations on S given by
w028y, aeZ ' xZ"
We> W, velg.

The a only depends on its coset in (Z/n,Z x.. .><Z,,rZ)2 and vy only depends on its
coset in [g\['g(n,,..., n,) where

A B Ak Bkk) (1 0>
r sy, )= = Tg: = s = l
e(m n,) {7 (C D) Elg <Ckk D, 0 1 mod n,, and A, = B,

=Cu=D,=0mod n, fori#k}.

Also, the action of 'y normalises the action of Z"xZ" showing that the symmetry
group is

FCex(Z"x2Z").
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Proof. The invariance of the partition function has already been demonstrated. The
statement that @ only depends on its coset in (Z/mZx...xZ/n,Z)* follows from if
Be(mZx...xnZ,)?, then from (2.9b)

B(¢( B)=0 (mod n).
If yel'g(ny,...,n,), then

L=I8.. .80h®.. QI

I, =1®..050®..QIL
Thus I, = I, for all &

The fact that I' g normalises the action of Z" X Z" follows from the combined action

of yel'r and ae(Z"xZ"): for arbitrary w, we have

Y B(y 'ga) Y B(yTl'ga)

a
— , Bl&ya)
We > Wy @ Wy-1— @ Wyl = @

Wf.

Thus the combined action is equivalent to the action of just ya =a’€Z"xZ". This
being the definition of the semidirect product we conclude the symmetry group is
CeX(Z"%xZ").

To obtain the symmetries of Fan and Wu mentioned previously, we must consider one
more construction. We choose any Heisenberg matrix I, such that 12 is a multiple of
theidentity. Thisis only possibleif nis even,in whichcase a =(ai, ..., a,, af,..., a’)
must be such that

al, a!=0(mod n;) if n; is odd

o), a!=1in,(mod n,) if n; is even
implying that 2a =(0,0) and I. = *identity. Following the construction in Richey
and Tracy (1986), one can show that Z[S] is invariant under the transformation

S—>I.®I'S

(assuming that the number of rows and columns of the lattice is even). If n =2, this,
along with theorem 3.1, give us the symmetries of Fan and Wu.

Using theorem 3.1, we now obtain an interesting case of the symmetries which
reduces to the so-called ‘weak graph duality’ (Wegner 1971, 1974, Fan and Wu 1970,
Fan 1972, Johnson et al 1973). This relates a high-temperature model (all weights
almost equal) to a low-temperature one (one weight, SS9, dominant).

Foranyae G,,a=(a),...,a}, af,...,a’)=(a’, @"), consider the transformation

(&)%)

a= - L)

a” -«

The matrix yeI'r representing this transformation is

0 I
y = (—I 0) I = r x r identity matrix.

The corresponding transformation on the weights can be described as follows. Using
X symmetry, any weight Sfj’ can be written as
ki k—il—i _ ca,
S'J = SO’I‘_; = S b
a=k—-ieX
b=Il-ieX
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It is straightforward to confirm that
SE" — Sa.b — Z w(—a,a)wv(n/nl)b]al_.—(n/n,)b,a’
asZ,,lx.“xZ,,’

and the associated inversion formula

:l B ) (n/m )by B+ (n/n,0b,B,

Wiab)
n BeZ, x..xZy,

Letting (', «”) - (a", —a') induces
sa,b _)2 w(aa)ﬂ)»(n/nl)blaIA.N-(n/nr)b,a,= ga,b'
, )
Using the inversion formula

S‘w’a,b = Z _1_ Z S—a,Bw(n/nl)alBl+4..+(n/n,)a’ﬁr~(n/n,)blalf.uv(n/n,)b,a,
a 8

_l Z S'a.BwB((a.b),(a,B))

R (ap)eG,
If we let T, S§'~>1i,j, k, I; hence

. 1
Gab 2L y wBl@b)(@B)

n (a,p)
=ndd ... 8060 . .. 8
_fn fa=b=(0,...,0)
B {0 otherwise.

Hence the 'z transformation (a’, ")~ (a”, —a’) sends a high-temperature model to
a low-temperature one, while preserving the partition function.

4. Discussion of the case X =2,

IfX=2,=2,®...®Z,, then we have (n;, n;)=1, i #}j, i.e. the primes are distinct.
This case has been previously investigated (Richey and Tracy 1986) so we show that,
as expected, the new formalism of the previous sections results in no new symmetries.
The isomorphism Z,, ®...®Z, - Z, is the Chinese remainder theorem. This theorem
asserts that for any r-tuple (a,,...,a,)eZ,®...®Z,, there is a unique a (mod n)
such that @ =a, (mod n;), i=1,...,r.
Let I=(n/n)Ymodn,), i=1,...,r. Then since (n, n/n)=1 we have (n,l)=1
which implies (n, I) = 1. Moreover for any a, 8 € G, we have
B(a, B)=Kda, B)(mod n) (4.1)

-t =

where @ =(a’, a"), 8=(B, "), @a=a’{mod n;), etc. To show this is true mod n, we
need only to demonstrate (4.1) holds mod n,, i=1,...,r:
"on
B(a,B)= Y —(aiBi—aiBi)
k=1 Mg
=(n/n)a;B] —a!B)(mod n,) since (n;, n;) =1for i #j
= I(dIIB"N_&NB/)(mOd ni)-
Under the map £€ G,—&€Z,xZ, we can identify w, with wz. We first see that
the symmetry w, > 0 ” ¢*'w,, £ 8 G, =(Z,®...®Z, ) isequivalentto wz— w " “Fwyg,
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£Bel,xZ,. Since (I, n)=1, w'is a primitive nth root of unity, and hence no new
symmetries are obtained.

A more interesting situation arises when we consider the effect of changing gen-
erators in Hy. This corresponds to choosing some yel'y. The action of y on
(Z2,D.. .(-BZ,,,)2 induces our action on Z2 as follows:

2e(Z,®..82,) — yae(Z,®...0Z,)

CRTJv 1CRT

A —_— 2
aclZ, ——yaelZ,.

Since the crT and y are linear, the map &— 7ya is also linear and hence has a matrix
representation @ — ya = Aa. We will show that Ae SL(2, Z,). This will suffice to show
that the action w,;~> w5z = w,, induces no new symmetries not discussed in Richey
and Tracy (1986). Since A: Z2-2Z}, it is enough to show that det (A)=1 (mod n).
Now yeTg if and only if_B(ya, yB)=B(a, B) for all @, Be G, and A€ SL(2,Z,) if
and only if (A&, AB)=(a, B) forall @, 8 € Z}. In particular, for @a = (1,0) and 8 = (0, 1)
(Ad, AB)=det A
but by (4.1)

KAa, BB) = I(ya, yB) = B(vya, vB)
"on
=B(a,B)=k;n—k
since

_ ’ ' ” ”
a_(ala"'saraal,"'sar)

withai=1,a/=0and B=(B},...,B., B{,...,B,)with 8/=0, 8/ =1. Hence we have

Ideta=Y L.

k=1 Nk

Consider this equation mod n, and recall that /= (n/n,;)(mod n,;) and (n,, n)=1,i#j,
we have

det A=1(modn;) i=1,...,r

which implies det A =1 (mod n).
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